1 Preliminary

1.1 Dirichlet condition
1.1.1 Wave equation

Consider the wave equation

Ut = CPUgsy (1)

with homogeneous Dirichlet boundary conditions

u(0,t) =0 (2)
u(l,t) =0 (3)
and initial conditions
u(z,0) = ¢(x) (4)
ut(z,0) = ¥(z) (5)
Let
u(z,t) = X (x)T'(t) (6)

Substituting this into the wave equation yields

(X (@)T(t))ee = (X (2)T(t)) o (7)
X(2)T"(t) = X" (2)T(t) (8)
Hence
T// X//
AT~ X A ©)

where A is a constant, since A, = A\; = 0. Hence we obtain
a pair of separate ordinary differential equations

X"+ 2AX =0 (10)
T + AT =0 (11)
The solutions are
T(t) = AcosteV' A + Bsintev/A (12)
X(z) = CcosxVA+ DsinzvVA (13)

The boundary conditions require that X (0) = X(I) = 0.
Thus

X(0)=C=0
X(l) = DsinlvVA =0

For the sine term to be zero, I\/\, = nw for n € Z. Hence

nmw
VA=

nm 2
= ()
l
X, (x) =sinz), = sin nre

l

Therefore the separated solutions for each n are

U (2, ) = (A, cos etV A + B, sin etV ) sinzv/ X

t t
= <An cos % + B, sin m‘;c ) sin ?

Therefore

u(zx,t) = Z U (2, t)

t t
= Z (An cos % + B,, sin m;c ) sin ?

From the boundary conditions we have

1.1.2 Diffusion

Up = Klgy
u(0,t) =0
u(l,t) =0
u(z,0) = ¢()
Letting v = T(t) X (x):
T/ X//
oox
Therefore

T +XkT =0

X" 42X =0

Therefore

T(t) = Aexp(—\kt)
X(z) = CcoszVA+ Dsinzv\

Since X (0) = X (1) =0

X(0)=C=0
X(l) = DsinlvVA =0

~ o~ —~
N NN
T = W

[\~
D
= I

(27)



Therefore, as before,
= Z Ape (/D i nlﬂ (34)
From the boundary colndition7
o(z) = u(x,0) ZAnsm@ (35)

Hence our solution is expressible as a sine series if the initial
data are.

1.2 Neumann condition

The Neumann condition is

e (0,8) = 0 (36)
us(l,t) =0 (37)

Then the eigenfunctions are the solutions X () of

X" 42X =0 (38)
X'(0)=0 (39)
X'(1)=0 (40)

2 Separation of variables

2.1 Dirichlet condition

2.1.1 Diffusion equation

Let
U = kg, (41)
uw(0,t) = u(l,t) =0 (42)
u(z,0) = ¢(z) (43)
then
= Z Ape=(nm/D7kt gip nlﬂ (44)
where
o(z) = Z Ay sin # (45)
2.1.2 Wave eqaution
Let
Uy = gy (46)
u(0,t) =u(l,t) =0 (47)
u(z,0) = ¢(x) (48)
ut(z,0) = P(x) (49)
then

t
u(z,t) = Z (A cosnl + B, sin m;c )sin

2.2 Neumann condition

2.2.1 Diffusion equation

A
u(z,t) = =2 +

where

ZA e—(nﬂ'/l) kt

Ay nwT
5 + Zn: A,, cos -

2.2.2 Wave equation

u(z,t) = @+@+Z <A cosnl + B, sin o

2 2

where

+ Z ?Bn cos —mlm

3 Fourier series

3.1 Sine series

> nnx
o(x) = 321 A, sin -
2 l
A, == [ ¢(z)sin LU
A l

nmwxr

T

ct)
cos

(50)

nmwx

(55)



3.3 Full series 4.2 Poisson’s formula

inU Z (A cos 2L 4 B, sin #) (62) Ugg + Uyy =0 (78)
u = h(6) (79)
= 7/ ¢(x) cos @dx (63)
1
1 oo
_ %/ () sin nlﬂdm (64) Z (A,, cosnb + B, sinnf) (80)
1 n=1
3.4 Complex form h(8) = /;O + Za Ay, cosnb + B, sinnd) (81)
n=1
Z Cneimrw/l (65)
n=-—oo 1 27
l _ A, = — h(¢) cosngdo 82
n — l/ d)(x)eiznﬂ.m/ldﬂf (66) wa™ 0 ( ) " ( )
1 27 )
B, = A h(¢) sinng de (83)

4 Harmonic functions

02 10 1 62
Be=52 T o TR L it / h(@)do )
0

27 a? — 2ar cos(0 — ¢) + 12
02 290 1 0 0 1 0?
A= — + 22 4+ =~ ginfh— 4+ —— 7
2T o2 t or Y a0 bmeae * 72 sin?  O¢? (68) 4.3 Wedge
4.1 Solution Z A, "™/ B sin nrd (85)
0=ty + 7 'up + 1 %ugg (69) g
Let u(r,0) = R(r)©(0)
4.4 Annulus
0=R'©+r 'RO+r2RO" Co+ Dologr & ,
o TRETR O ) = SRS (Cor® + Do ™) cosnd + (A" + Bor
-— 5 (70) (86)
PR’ +rR O
_— = —— = )\
R (C]

4.5 Exterior of circle
where \ is a constant. Thus

0" 130 =0 (71) =4 Z "(A;, cosnf + B,, sinnd) (87)
R’ +rR —AR=0 (72) 2 a2 o h(6)do
= 88
with solutions 2m /0 a? — 2ar cos(f — ¢) + r? (®3)
O(6) = ¢1 cos OvV/A + ¢y sin OV 73) 5 Green’s identities and Green’s
R(r) = csr¥ + ey (74) functions
Since ©(f + 21) = ©(6), A = n? 5.1 Green’s first identity
©(0) = c1 cosnb + ¢ sinnd (75) V- (vVu) = Vo - Vu +viu (89)
R(r)=csr™ +eqr™ " (76)
In the case of n = 0, there is a second independent solution // Mg /// Yo VudV + /// vAudV (90
to R(r): oD Yon
R(r) =cs+cqlogr (77) Try letting v = 1, v = u, etc. to solve problems.



5.1.1 Mean value property

Oz// AudV
B
:// Vu - rdS
OB
ou
= —ds
//3337’
0

Therefore the integral is independent of 7. Therefore

//aBudSz//aBu(O)dS
:u(O)//{)BdS

o= ([],) " [,
1
= on //{93 udS

5.1.2 Uniqueness of Robin problem

Therefore

Auleu2:f
ou ou
8—nl+au1:a—nz+a"uz:h

Let w =wu; — ug

Au = Au; — ug)

:A’U,l—AUQ
=/ f
=0
Ay —
87+a - (ulanU2)+a(“1—u2)
— (24 (e
“\on @t on @
=h—h
=0

From Green’s first identity

J[vvu=[[[ w0 vutvau

//uVuz///(Vu-Vu+uAu)
[ 5= [
//u(—au):
_a//u2:

Since a > 0, the LHS < 0 and the RHS > 0. Therefore

LHS = RHS = 0.
0=—a / / u? (98)

(01) 0= /|Vu|2 (99)

On the boundary, we have

u? >0
O://u2

sut=

(92) SLu=0

In the interior we have

|Vul? >0

0://|Vu|2

(93) S Vu2=0
S Vu=0
.. u = constant

Since u = constant in D and w = 0 on D, u = 0 every-
where in D as well. ., u; = us everywhere in D.

A similar technique can be used to prove the uniqueness of
the Dirichlet problem, and the Neumann problem (up to an
additive constant).

5.1.3 Maximum principle

A nonconstant harmonic function in D does not assume its
maximum value inside D but only on 9D. Also

(99) ou
on
at a maximum point (Hopf maximum principle).

>0

5.1.4 Dirichlet principle

(95) E(w) = % /D |Vaw|? (100)
_1 u—v)[?
— 2/D|v( )| (101)
-1 u — Vol?
= 2/D|v Vol (102)

96 — 2 [ (Vu— Vo) (Vu— Vo

(96) _Q/D(v Vo) - (Vi — Vo) (103)

1 2 2_9Vu-Vou
_é/D(\vm +[Vo2 - 2Vu -V (104)
=E(u)+ E(v) — : Vu - Vv (105)
ou

= u v v 2’1,&7 V—

o = E(u) + B( )+/D v /BD o (106)
:E(u)—|—E(v)+/DvV2u (107)
= E(u) + E(v) (108)



But E(v) > 0. Therefore E(w) > E(u) = E(u) < E(w) 5.1.6 Dirichlet principle for Neumann condition
for any w provided u is harmonic.

5.1.5 Uniqueness of diffusion with Dirichlet condi-
tions / |Vwl? / hw (116)
oD
(0r = kA)ur = (0 — kA)uz =0 Au=0onD (117)
ou
wilico = slimo = g e h on 0D (118)
uilop = uzlop = h
Let u=wu; — ug
E(w) = E(u—v)
ult=0 = (u1 — u2)|i=o = / IV (u—wv) / h(u —v)
= Uyl¢=0 — U2|t:0
109
=9—-9 (109) =7/|Vu—Vv|2—/ (hu — hv)
=0 2 oD
B 1
= / (|Vu|* + |Vv]* — 2Vu - Vo) — / hu + hv
oD
ulpp = (u1 — u2)|op 2 2 4
_ = /|Vu| / hu+ - /\VU| / hv—/ Vu - Vo
= u1|op — uz2lop 5D
bk (110)
:E(u)+f/|Vv\2—/Vu-Vv+ hv
=0 2Jp D oD

(119)

(0y — EA)Yu = (0y — kA) (u1 — ug)
= (0 — kA)uy — (0 — kA)uqy Recalling Green'’s first identity

111
—0-0 (111)
=0
) / Vv Vu = / vVu —/ vAu (120)
E(u) = / u? (112) b op b
2Jp
1 [, 1
E(u)|t=o = 5/ u lt=0 = B 0=0 (113)
D D 1
E(w) = E(u) + / |Vo|? + / vAu —/ vVu+/ hv
0B _1 [ ou? "
o 2f, ot E(u) + /|W|2 /vh+/ hv
1 ou? du o o
P i 1
2 Jp Ou Ot :E(u)—i—E/ |Vo|?
D
Sy (121)
ot
[a (114)
N Du b Since 3 [,|Vv|* >0, E(w) > E(u) and E(u) < E(w).
= / u% —/ Vu - Vu
ap On D
/ |Vu|? 5.1.7 Rayleigh-Ritz approximation
Let
E(u) =0 for t = 0 and 9;E(u) < 0. Therefore E(u) <0
for all ¢ > 0. But E(u) > 0! Thus it must be the case that
E(u) =0 for all ¢t > 0. w:wo_'_zqwi (122)
1 i=
7/ u? =0 (115)
2Jp
But ©? > 0. Thus u?> =0 and v = 0. Thus u; = us. Then



or

1 , n
E(w) = 5/ |Vl ch(ij,Vwk) = —(Vwo, Vw,) (126)
2 k=1

Vwo +V Z CiWw;

i=1

5.1.8 Variational principle behind Robin condition

i Au=f (127)

; /
2Jp 0=v-Vu+au (128)
1 n n n m
= 5/ Vuwy - (Vwo + Zcinz) +) eiVw; - <Vwo + ZCiVUJi) =g, T (129)
D i=1 i=1 i=1

1 - - " ou
=3 /D Vwg - wy + 2Vwg - Zcini + Zcini . Zcini 0= an? + auv (130)

2

Vwg + Z c;Vw;

i=1

n

1/ 2 . 1
=5 [ [Vwol| +/ Vuwy - CivwiJF*/ A 0:/ 0 131
2Jp D ; 2Jp ; oD (131)
1 n n o n /’ 0 (132)
= v
= 5 /[)|vw0‘2 + /Dszo . Civwz / ZZ 01sz ijw]) oD
1= 1=1j5=1
= / (gu + au) v (133)
/|Vw0‘2+ch/ Vwgy - Vw; + = ZZC;C]/ Vw; - Vw; oD 8un
s =/ fv—i—/ auv (134)
Ju
For the coefficients to minimize the energy we have = an’ ta uv (135)
oD oD
= Vu-VU—F/UAu—f—a/ uv 136
_ 08w / [ [w s
Bck Vu - Vu—i—/ vf—l—a/ uUv (137)
aD

8 n
2 . . -
260 /|V ol + CchZ/DVwO Vw; + 28%220103/ Vw; - V'wj
n - vf:/Vu Vv+a/ uv (138)
=g [, T v g o G [ v J
D

ack
z/Vu Vv—l—a/v uv (139)
n aZ
Z /Vwo Vw; + = ZZ(askcJ—i- C; )/sz Vw;

= / (Vu-Vu+aV - uv) (140)
D
1 n n
/ Vwy - Vg + 5 5 ZZ ikCj + Ci0jk) /D Vw; - Vw; Therefore
=1 j=1
1 n L(v) = A(u,v) (141)
= (V’LU(), Vwk) + 5 Z Z(aiij + ciéjk)(Vwi, Vw]) where
i=1 j—l
= (Vwo, Vwy) + ZZ(S“CCJ (Vw;, Vw;) + ZZCZ ik (Vw;, Vw;) L(v) = _/ of (142)
=1 j=1 =1 j=1 D
1 ¢ — _
= (Vwg, Vwg) + ch Vwyg, Vw;) + 3 Zcz Vw;, Vwy) A(u,v) = /D Vu-Vou + a/aD uv (143)
=1 i=1
n] The variational (weak formulation) problem consists of
= (Vwo, Vwy) + ch(vw,wij) finding a function w such that L(v) = A(u,v) for all func-
=1 tions v.
(124)
5.2 Green’s second identity
Therefore
V- (uVv —vVu) = uV — vV3u (144)
OE(w -
0= Bé» ) _ (Vwo, Vw;) + ZCk(ij,Vwk) (125) / (uAv — vA) = / u@ _ @ (145)
J k=1 D on 8n



5.2.1 Representation formula

Letting
@) =g (140
Y 47|z — o)
we obtain
1 0 1 1 Ju(x)
w0 =g [ ( U o —ol T = zal )
(147)
where Au =0 and Av = 0.
In 2 dimensions, v(z) = log|x — x|
1 0 du(x)
- 2 log|z — xo| — log|z —
aten) = g [ (ute) g togte — a0l - 25 gl —
(148)

5.3 Green’s functions

A Green’s function for A in the domain D satisfies the follow-
ing: AG(z) =0 in D except at x = xg, G(z) =0 in 9D, and
G(z) + m is harmonic at z¢ and has continuous second

derivatives everywhere.
The solution to the Dirichlet problem if G(z,zg) is the
Green’s function is

uao) = [ a5 [ @t a9

where Au = fin D and u = h in 0D.

6 Waves in space

6.1 Conservation of energy

1
B=1 / (u? + [ Vul?)
2 /p

where the first term is the kinetic energy and the second
term is the potential energy.

(150)

6.2 Causality principle

The initial data at a spatial point can influence the solu-
tion only in the solid (future) light cone emanating from that
point.

6.3 Wave equation solution in 3+1 dimen-
sions

Let O be the spacelike d’Alembertian and

Ou(z,t) = f(x,t) (151)
u(,0) = o(z) (152)
ue(z,0) = P(x) (153)

Then

0 1
u(€,7) = 97 dnr 0B.(6) P(z)dx
1
a7 Jop o Y (154)

T 1
_/0 <4W(T_t) /aBTt(&)f(m,t)d:c> dt

for all £ € R and 7 > 0.

6.4 Huygens Principle

u(€,7) is influenced only by the values of ¢ and 1 near the
sphere 0B, (§) and by the values of f along the backwards
light cone.

7 Poisson formula in higher dimen-
sions

_1-fep?

u(zr) = (155)

On—1

/ |z —y[ " u(y) dy
9B1(0)

The Newtonian potential for the Laplacian operator is

n=2
(156)

(2—n)op—1 n Z 3

The Green’s function for the Dirichlet problem on the unit
ball is

G(z,y) =D(z —y) — [z[*"T (m _ )

FE
log|z—y| —log| 2 —z|y| 5 (157)
27 -
lo—y 2" | & —|oly[* "
(2—n)op—1 = 3
u@ = [ (9,6 )ty
8B (0)
= / (VyG(2,y), y)u(y)dy
8B1(0)
— [ (e e ) 1l
9B (0) Tn—1 ’ 2] |z

1 -n -n
= _/@B 7 (e =y @ —y.9) — e =y 7@ ~ laly,y))
1 n—

1—Jaf?
= —
8B,(0) On-1

1— 2
_ 1ol / |z —y| "u(y)dy
On—1 J8B;(0)

=yl "u(y)dy

(158)

7.1 Perron technique for the Dirichlet prob-

lem

u is a subharmonic function if Au > 0. Also, the following
statements are equivalent:



1
u(wo) < volume(B,.(z¢)) /Br(ro)u (159)

u(zo) <

1
1 160
~ area(0B,(xg)) /BBr(ro) ! e

8 Harnack’s inequality

The solution formula for the Dirichlet problem on the unit
ball is

u(sc)zl"””/a L iy (61

On—1 By |z — y|"
By the triangle inequality, we have
2] = [yl < |z =yl < [Jz] + |yl (162)
Since y € 0p,, |y| =1 and
|z =1 < |z —y| < [Jz[ + 1 (163)
Since |z| <1, || —1 <0 and ||z| — 1] =1 — |z|. Hence
1= ol < o —yl < 1+ o] (164)

Taking the reciprocals and reversing the order of the in-
equalities yields

1 1 1
< < (165)
L] = |z —y[ = 1|z
Hence
L < L < 1 (166)
A+ (=) = |z —yl* — 12
and, since 1 — |z|? > 0,
1-fof? 1ol 1-P o
A+ (=) = |z —yl* — 1|2
Factoring 1 — |z|? into (1 — |z|)(1 + |z|) yields
1— 1—|zf? 1
o o Ll

A+t 7 e =y = (A= fa)n !
Therefore, since u(y) > 0,

1 1— |z 1 1—|xz|?
/aB 2 u(y)dy < / i u(y)dy

On—1 (1 + |33|)n_1 On—1 JoB, ‘CE - y‘n

1 / 14 |z
< u(y)dy
On-1 Jop, (1 —|z|)"!

(169)
Moving the x terms outside the integrals and substituting

u(z) yields

1 1— ||
on—1 (14 [2[)"~1

1 14 |z

(170)
The average of a harmonic function over a sphere is equal
to its value at the center of the sphere:

Therefore

1— ||

/ )y < ule) < s / )y

u(0) <u

IN

1+ |z

(1 —fa)m=1

u(0)

(171)

(172)



