
Beyond convergence: Exploring divergent series

Carlos Martin

1 Summing geometric series

The sum of a geometric series can be expressed using the formula

m∑
n=0

rn = 1 + r + r2 + r3 + . . .+ rm =
1− rm+1

1− r
(1)

This can be shown as follows:

(1− r)
m∑
n=0

rn =

m∑
n=0

rn − r
m∑
n=0

rn

=

m∑
n=0

rn −
m∑
n=0

rn+1

=

m∑
n=0

rn −
m+1∑
n=1

rn

= 1 +

m∑
n=1

rn −
m∑
n=1

rn − rm+1

= 1− rm+1

(2)

In the case of an infinite series where |r| < 1, we have

lim
m→∞

rm+1 = 0 (3)

and thus

∞∑
n=0

rn = 1 + r + r2 + r3 + . . . =
1

1− r
(4)

Again, this can be shown formally by
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(1− r)
∞∑
n=0

rn =

∞∑
n=0

rn − r
∞∑
n=0

rn

=

∞∑
n=0

rn −
∞∑
n=0

rn+1

=

∞∑
n=0

rn −
∞∑
n=1

rn

= 1 +

∞∑
n=1

rn −
∞∑
n=1

rn

= 1

(5)

Hence we obtain, for example the well-known sum of the series

1 +
1

2
+

1

4
+

1

8
+ . . . =

∞∑
n=0

2−n

=
1

1− 1
2

=
1
1
2

= 2

(6)

Here is a plot for the function 1
1−x :
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What if we have |r| > 1, such as r = 2? Then the series clearly diverges:

∞∑
n=0

2n = 1 + 2 + 4 + 8 + . . . (7)

However, substituting r = 2 directly into our formula results in

1

1− r
=

1

1− 2
=

1

−1
= −1 (8)

Suggesting that

1 + 2 + 4 + 8 + . . . = −1 (9)

Does this make any sense at all? How can a sum of positive quantities equal
a negative quantity? Well, consider another technique:

S = 1 + 2 + 4 + 8 + . . . = 1 + 2(1 + 2 + 4 + . . .)

= 1 + 2S
(10)

The solution to this equation is S = −1, which agrees with our previous
answer. Perhaps it’s not so crazy after all? Let’s try r = −1:

∞∑
n=0

(−1)n = 1− 1 + 1− 1 + 1− 1 + . . . (11)

This famous series is known as Grandi’s series. Grouping the terms together
in different ways yields different answers:

1− 1 + 1− 1 + 1− 1 + . . . = 0

1 + (−1 + 1) + (−1 + 1) + . . . = 1
(12)

Let’s try instead the algebraic manipulation technique we just applied:

S = 1− 1 + 1− 1 + . . .

1− S = 1− (1− 1 + 1− 1 + . . .)

= 1− 1 + 1− 1 + . . .

= S

(13)

The solution to the equation 1 − S = S is S = 1
2 . Interesting and mildly

plausible, since 1
2 is exactly the average of the two values the series oscillates

between, namely 0 and 1. This notion of “smoothing sums through averages”
will be made explicit once we explore Cesaro summation.

We see that the sum for Grandi’s series agrees with our geometric formula

1

1− (−1)
=

1

1 + 1
=

1

2
(14)
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Informally, we can use a similar technique used to show that 0.999 . . . = 1:

x = 0.999 . . .

10x = 9.999 . . .

10x− x = 9.999 . . .− 0.999

9x = 9

x = 1

(15)

to also show that 999 . . . = −1:

x = . . . 999.0

0.1x = . . . 999.9

0.1x− x = 999.9− 999.0

−0.9x = 0.9

x = −1

(16)

We can interpret this as the statement that

∞∑
n=0

9 · 10n = −1 (17)

which agrees with the answer provided by our methods. Of course, . . . 999.0
is not a real number, since there is an infinite string of digits to the left of the
decimal point. It turns out, however, that there is a number system where the
expression . . . 999.0 makes sense: the p-adic numbers.

The p-adic numbers are a beautiful and powerful extension of ordinary arith-
metic that uses a different notion of “closeness” than traditional numbers. They
play an important role in number theory and were used in Andrew Wiles’ proof
of Fermat’s Last Theorem. I encourage you to read about them! For our pur-
poses, it suffices to say that . . . 999 does indeed equal −1 in the 10-adic numbers.
More precisely, the series

∑∞
n=0 9 ·10n converges in Q10, and it converges to −1.

There is another important series we have not tried yet, namely r = 1:

∞∑
n=1

1 = 1 + 1 + 1 + 1 + . . . (18)

For this, we cannot use our geometric series formula

∞∑
n=0

rn =
1

1− r
(19)

since it has a singularity at r = 1. Can we use algebraic manipulation?
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S = 1 + 1 + 1 + . . .

= 1 + (1 + 1 + . . .)

= 1 + S

(20)

The equation S = 1+S has no solutions, so this approach leads us nowhere.
We’re going to need more powerful techniques...

2 The sum of all natural numbers

Consider the following sum:

∞∑
n=1

n = 1 + 2 + 3 + 4 + . . . (21)

This sum is clearly divergent. The terms do not even go to zero as k →∞.
There are, however, mathematically rigorous ways to assign a value to the series.
Moreover, despite their differences, all of them agree on the same value!

This series is usually “summed” using a technique called zeta function regu-
larization. The Riemann zeta function analytically continues the infinite series
on the right, which converges for <(s) > 1:

ζ(s) =

∞∑
n=1

n−s (22)

Analytic continuation extends the domain of a given analytic function. It
can succeed in defining further values of a function, for example in a new region
where an infinite series representation in terms of which it is initially defined
becomes divergent. This is exactly the case for our series.

Through analytic continuation, we find that

ζ(−1) = − 1

12
(23)

Hence leading us to conclude that

∞∑
n=1

n = − 1

12
(24)

Earlier, we attempted to sum the series

∞∑
n=1

1 = 1 + 1 + 1 + . . . (25)

We can use zeta function regularization to obtain the answer
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∞∑
n=1

1 =

∞∑
n=1

n0 = ζ(0) = −1

2
(26)

Curiously, the y-intercept of the “smoothed” version of the series is also − 1
2 ,

as can be seen in the following plot of partial sums:
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There is another, less well-known technique for summing these series which
involves limits. Consider the following identity, which has a one-sided limit:

lim
x→0−

∞∑
n=1

n exp(nx) cos(nx) = − 1

12
(27)

Don’t believe me? Take a look at the plot of the sum against x:
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which was made using the Mathematica command

Plot[Evaluate[Sum[n Exp[n x] Cos[n x], {n, 1, Infinity}]], {x, -16,

16}, PlotRange -> {-.25, .25}, AspectRatio -> 1, ImageSize -> Large]

Notice how the sum approaches −1/12 ≈ −0.08333 as x approaches 0. Now,
moving the limit inside the sum yields

∞∑
n=1

lim
x→0−

n exp(nx) cos(nx) =

∞∑
n=1

n (28)

since both exp(0) = 1 and cos(0) = 1. This might lead us to conclude that

∞∑
n=1

n = − 1

12
(29)

which is the same identity we derived through zeta function regularization.
Strictly speaking, one cannot exchange limits so nonchalantly, and that is effec-
tively what we are doing by moving the limit inside the (infinite) sum.

The question of when limit operations commute with each other is a delicate
question with a non-trivial answer. It suffices to say for our purposes that this
derivation of the value for the divergent series is not meant to be strictly rigorous
but to provide us with further evidence or intuition for the answer.

Surprisingly, this one-sided limit derivation can be generalized! It turns out
that, for k = 1 mod 4 = 1, 5, 9, 13, . . . we have

lim
x→0−

∞∑
n=1

nk exp(nx) cos(nx) = ζ(−k) (30)
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What’s happening here? In a sense, the exp(nx) cos(nx) term acts as a kind
of “regulator” that precisely cancels out the divergence. To see this more clearly,
consider the identity

∞∑
n=1

nk exp(nx) = Li−k exp(x) =
k!

(−x)k+1
+ ζ(−k) +O(x) (31)

where Li is the logarithmic integral. Notice that the sum can be divided into
three components: a term involving a negative power of x, a constant term, and
terms involving positive powers of x. The terms involving positive powers of x
all vanish as x → 0, while the constant term remains the same. What causes
the sum to “blow up” is the first term, which is a pole of order k + 1 at x = 0.
Using an appropriate regulator, we can surgically remove this divergent term,
leaving only the finite part ζ(−k) exposed!

Generalizing our result further, we can expose ζ(−k) for other integers. For
k = 0 mod 4 we have

lim
x→0−

∞∑
n=1

nk exp(nx)
sin(nx)

nx
= ζ(−k) (32)

which works since limx→0
sin(nx)
nx = 1. Because ζ(−k) is zero for even values

of k = 4j, the right hand side will always be zero. Similarly, for k = 2 mod 4 =
2, 6, 10, 14, . . . we have

lim
x→0−

∞∑
n=1

nk exp(nx)(cosnx− sinnx) = ζ(−k) (33)

In general, for each k, one must find a regulator η(nx) such that

lim
x→0−

∞∑
n=1

nkη(nx) = ζ(−k) (34)

Terence Tao has an excellent blog post explaining the relationship between
divergent series and the zeta function, where he shows that

∞∑
n=0

nkη(n/N) = Ns+1

∫ ∞
0

xkη(x)dx+ ζ(−k) +O(1/N) (35)

Hence our regulator works in taming the divergence if it causes the coefficient
of the divergent term in the asymptotic expansion of the sum to become zero:∫ ∞

0

xkη(x)dx = 0 (36)

Can we use this to extend our result to non-integer values of k? The following
identity, derived in my paper on differential operators, might be helpful:
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∫
xnf(x) =

n∑
k=0

(−1)k(n)kx
n−k

∫ k+1

f(x) (37)

The “regulator” technique works for integrals too. Consider∫ ∞
0

sinxdx =

∫ ∞
0

lim
ε→0

e−εx sinxdx (38)

Moving the limit outside the integral (exchanging the limits) yields

∫ ∞
0

sinxdx = lim
ε→0

∫ ∞
0

e−εx sinx dx

= lim
ε→0

∫ ∞
0

d

(
−e−εx(ε sinx+ cosx)

ε2 + 1

)
= lim
ε→0

[
e−εx(ε sinx+ cosx)

ε2 + 1

]x=0

x=∞

(39)

Now, since

lim
x→∞

e−εx(ε sinx+ cosx)

ε2 + 1
= 0 (40)

We have

∫ ∞
0

sinxdx = lim
ε→0

e−εx(ε sinx+ cosx)

ε2 + 1

∣∣∣∣
x=0

= lim
ε→0

1

ε2 + 1

= 1

(41)

There is another interesting way to obtain the sum of these divergent series.
If we integrate the expression for the sum of the first m natural numbers

m∑
n=0

= 1 + 2 + 3 + . . .+m =
m(m+ 1)

2
(42)

from −1 to 0, we obtain∫ 0

−1

n(n+ 1)

2
dn = − 1

12
(43)

Here is a plot of that function:
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In general, it seems to be the case that∫ 0

−1

(
m∑
n=0

nk

)
dm = ζ(−k) (44)

Letting k = 3, for example, yields

∫ 0

−1

(
m∑
n=0

n3

)
dm =

∫ 0

−1

m2(m+ 1)2

4
dm

=
1

120
= ζ(−3)

(45)

This suggests the identity∫ 0

−1

(
m∑
n=0

nk

)
dm =

∞∑
n=0

nk (46)

Interesting, right? Why is this the case?

3 The product of all positive integers

Consider the product

∞∏
n=1

n = 1× 2× 3× 4× . . . (47)
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Again, this product is clearly divergent. If you bear with me, however, you’ll
witness the beauty of the answer. Using the property of logarithms

log ab = log a+ log b (48)

we can change the product into a sum:

∞∏
n=1

n = exp

(
log

∞∑
n=1

n

)

= exp

( ∞∑
n=1

log n

) (49)

Now consider the Riemann zeta function ζ(s):

ζ(s) =

∞∑
n=1

n−s (50)

Taking the derivative yields

ζ ′(s) =
d

ds
ζ(s)

=
d

ds

∞∑
n=1

n−s

=

∞∑
n=1

d

ds
n−s

= −
∞∑
n=1

n−s log n

(51)

Evaluating the derivative at s = 0 yields

ζ ′(0) = −
∞∑
n=1

log n (52)

It is known that

ζ ′(0) = −1

2
log 2π (53)

from the Wallis product formula

∞∏
n=1

(
2n

2n− 1

2n

2n+ 1

)
=
π

2
(54)

Hence
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∞∑
n=1

log n =
1

2
log 2π (55)

and

∞∏
n=1

n = exp

( ∞∑
n=1

log n

)
= exp (−ζ ′(0))

= exp

(
1

2
log 2π

)
= exp(log 2π)

1
2

= (2π)
1
2

=
√

2π

(56)

Similarly, it can be shown that the product of all primes is

∏
p prime

p = exp

log
∏

p prime

p


= exp

 ∑
p prime

log p


= exp (−S(0))

= exp (2 log 2π)

= exp(log 2π)2

= (2π)2

(57)

where P (s) is the prime zeta function

P (s) =
∑

p prime

p−s (58)

In conclusion, we have found that∏
n positive

n =
√

2π and
∏

p prime

p = (2π)2 (59)

How astonishing and beautiful!
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4 Sum of reciprocals of logarithms

Consider the divergent series

∞∑
n=2

1

lnn
=

1

ln 2
+

1

ln 3
+

1

ln 4
+ . . . (60)

We can obtained a regularized value for this series as follows:

∞∑
n=2

1

lnn
=

∞∑
n=2

[
1

nx lnn

]x=0

x=∞

=

∞∑
n=2

[
− 1

nx lnn

]x=∞
x=0

=

∞∑
n=2

∫ ∞
0

d

(
− 1

nx lnn

)

=

∞∑
n=2

∫ ∞
0

1

nx
dx

(61)

Exchanging limits yields

∞∑
n=2

1

lnn
=

∫ ∞
0

( ∞∑
n=2

1

nx

)
dx

=

∫ ∞
0

(ζ(x)− 1)dx

(62)

Since ζ(x) has a pole at x = 1, we take the Cauchy principal value:

∞∑
n=2

1

lnn
= PV

∫ ∞
0

(ζ(x)− 1)dx

= lim
ε→0

(∫ 1−ε

0

(ζ(x)− 1)dx+

∫ ∞
1+ε

(ζ(x)− 1)dx

)
≈ −0.243238

(63)

5 Euler product formula

The Euler product formula for the Riemann zeta function is

ζ(s) =
∏

p prime

1

1− p−s
(64)

To see this, multiply the ζ(s) by the reciprocal of a prime:

13



p−sζ(s) = p−s
∞∑
n=1

n−s

=

∞∑
n=1

(pn)−s
(65)

which consists of the sum of the reciprocals all multiples of p. Subtracting
this from ζ(s) yields the sum of reciprocals of numbers not divisible by p:

∑
p-n

n−s =

∞∑
n=1

n−s −
∞∑
n=1

(pn)−s

= ζ(s)− p−sζ(s)

= (1− p−s)ζ(s)

(66)

Thus we have eliminated all multiples of p from the series. We continue with
each prime number p to eliminate all the remaining terms, except for 1: ∏

p prime

(1− p−s)

 ζ(s) = 1 (67)

Moving the product to the right-hand side yields the Euler product formula.
Can we adapt this technique for divergent products involving primes?

6 Dirichlet series

Consider the divergent series

1− 2 + 3− 4 + . . . =

∞∑
n=1

(−1)n−1n (68)

A plot of partial sums of the series is shown below:

2 4 6 8 10

-4

-2

2

4

14



This is a special case of a more general Dirichlet series which is represented
by the Dirichlet eta function η(k):

η(k) =

∞∑
n=1

(−1)n+1n−k

= 1−s − 2−s + 3−s − 4−s + . . .

(69)

The Dirichlet eta function is basically an alternating version of the Riemann
zeta function, and is related to it by the following expression:

η(k) = (1− 21−k)ζ(k) (70)

Applying the same technique of analytic continuation to this Dirichlet series
yields the answer

∞∑
n=1

(−1)n+1n = η(−1) (71)

which translates to

1− 2 + 3− 4 + . . . =
1

4
(72)

Remarkable! We will be able to sum this series ourselves once we encounter
Abel summation. In the meantime, we can observe something tantalizing. If
we establish “upper” and “lower” bounds for the alternating series, as shown in
the following plot:

-2 2 4 6 8 10

-4

-2

2

4

where the upper and lower bounds are given by

fupper(x) =
x+ 1

2

flower(x) = −x
2

(73)
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Notice that the average of these two bounds is exactly 1
4 , which is the same

answer we obtained before with a different method! Can we use this “averaging”
technique to sum other alternating series?

Consider the following alternating series:

1− 2 + 4− 8 + . . . =

∞∑
n=0

(−2)n (74)

From our geometric series formula we know that the regularized sum is

1

1− (−2)
=

1

1 + 2
=

1

3
(75)

A plot of the partial sums is shown below:

2 4 6 8 10

-20

-10

10

20

As you can see, the series oscillates about the x just as our previous series
did. This time, however, it does so with an exponentially increasing amplitude.
Hence we will need exponential fits for the upper and lower bounds:

fupper(x) =
1 + 2x+1

3

flower(x) =
1− 2x+1

3

(76)

The upper and lower bounds are shown in the following plot:
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Perfect! The average of these two bounds is exactly 1
3 , which is the answer we

obtained before using the geometric series formula. This “averaging” technique
also applies to Grandi’s series, where the upper and lower bounds are given by
1 and 0, respectively (with an average value of 1

2 ):

2 4 6 8 10
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-2

-1

1

2

3

7 Series with zero radius of convergence

Consider the series

∞∑
n=0

n!

xn
= 1 +

1

x
+

2

x2
+

6

x3
+

24

x4
+ . . . (77)

The partial sums are given by

b−1∑
n=a

n!

xn
=

x

ex

(
b!Eb+1(−x)

xb
− a!Ea+1(−x)

xa

)
(78)

where En(x) is the exponential integral function, given by

En(x) =

∫ ∞
1

dt

tnext
(79)
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Interestingly, this series converges only at x = 0. This is because the fac-
torials grow faster than exponentially, meaning n! outruns xn for any x. If we
restricted ourselves to convergent series, the series could only have domain x = 0
and value 0. Luckily for us, the series be regularized through Borel summation
to obtain the following identity:

∞∑
n=0

n!

xn
= − x

ex

∫ ∞
−x

dt

tet
= − x

ex
Γ(0,−x) (80)

where Γ(·, ·) is the incomplete Gamma function, given by

Γ(s, x) =

∫ ∞
x

ts−1e−t dt (81)

In particular, consider the series

∞∑
n=0

n! = 0! + 1! + 2! + 3! + 4! + . . . = 1 + 1 + 2 + 6 + 24 + . . . (82)

which clearly diverges. Given that the Gamma function is defined by

n! = Γ(n+ 1) =

∫ ∞
0

tne−tdt (83)

we obtain

∞∑
n=0

n! =

∞∑
n=0

∫ ∞
0

tne−tdt (84)

Interchanging limits for the sake of regularization yields

∞∑
n=0

n! =

∫ ∞
0

∞∑
n=0

tne−tdt (85)

=

∫ ∞
0

e−t

1− t
dt (86)

=
[
−e−1Ei(1− t)

]∞
0

(87)

= −e−1Ei(1) (88)

= −!(−1) (89)

≈ 0.697175 (90)

where Ei is the exponential integral. Notice that we used the Cauchy princi-
pal value since the integrand has a pole at t = 1. !n denotes the subfactorial or
derangement function, which is the number of permutations of n elements such
that no element appears in its original position. Interesting, right?

Similarly, we can obtain the Borel sum of the alternating series
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1− 1 + 2− 6 + 24− 120 + . . . =

∞∑
k=0

(−1)kk! (91)

From the definition of the Gamma function, we have

∞∑
k=0

(−1)kk! =

∞∑
k=0

(−1)k
∫ ∞
0

xk exp(−x)dx (92)

Exchanging the summation and integration yields

∞∑
k=0

(−1)kk! =

∫ ∞
0

( ∞∑
k=0

(−x)k

)
exp(−x)dx (93)

The summation converges to 1/(1+x) if x < 1. Analytically continuing this
to all x, we obtain

∞∑
k=0

(−1)kk! =

∫ ∞
0

exp(−x)

1 + x
dx

= eE1(1)

≈ 0.5963

(94)

where E1(z) is the exponential integral.

8 Riemann rearrangement theorem

The Riemann rearrangement theorem states that if an infinite series is condi-
tionally convergent, then its terms can be permuted or rearranged in a way such
that the new series converges to any given value, or diverges.

More precisely, suppose that the series

∞∑
n=1

an (95)

is conditionally convergent, meaning

∞∑
n=1

|an| (96)

diverges. Let x ∈ R. Then there exists a permutation σ(n) or rearrangement
of the sequence an such that

∞∑
n=1

aσ(n) = x (97)

There also exists a permutation σ(n) such that
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∞∑
n=1

aσ(n) =∞ (98)

For example, consider the alternating harmonic series:

∞∑
n=1

(−1)n+1

n
(99)

This series is conditionally convergent, since

∞∑
n=1

∣∣∣∣ (−1)n+1

n

∣∣∣∣ =

∞∑
n=1

1

n
(100)

is the harmonic series, which diverges. The series as originally presented

∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+ . . . (101)

converges to ln 2. If we rearrange the sum as follows:

(
1− 1

2

)
− 1

4
+

(
1

3
− 1

6

)
− 1

8
+

(
1

5
− 1

10

)
− 1

12
+ . . .

=
1

2
− 1

4
+

1

6
− 1

8
+

1

10
+ . . .

=
1

2

(
1− 1

2
+

1

3
+ . . .

)
=

1

2
ln 2

(102)

which is half the original sum. Similarly, we can construct other permuta-
tions that cause the series to converge to an arbitrary real number.

To conclude, one must be careful when manipulating infinite series, since the
commutative property of addition no longer holds. Order matters!

Are there any real-life situations where the Riemann rearrangement theorem
applies? Suppose you are trying to calculate the electrostatic potential in an
ionic crystal, which can be modelled as an infinite lattice. Since there are both
anions and cations in the lattice you can represent the electrostatic potential as
the sum of an infinite number of positive and negative charges:
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This is given by the Madelung constant, which can be represented as

M+ = −M− =

∞∑
j,k,l=−∞

(−1)j+k+l√
j2 + k2 + l2

(103)

where j = k = l = 0 is excluded. It turns out that this sum is conditionally
convergent, so the order of summation must be specified.

The correct answer, which is approximately −1.74756, can be found by sum-
ming over expanding cubes. It can be defined through the analytic continuation
of an absolutely convergent series. For more information, you can read the paper
“Convergence of Madelung-like lattice sums” by Borwein et al.

9 Cesaro summation

From the blog entry “The ABCD of Divergent Series” in the Wolfram Blog:
Formally, the Cesaro sum is defined as the limit of the successive averages

of the partial sums. For an alternating series Cesaros method essentially uses
successive averages of the partial sums to tame the oscillations.

Cesaro sums play an important role in the theory of Fourier series, which
are trigonometric series used to represent periodic functions. The Fourier series
for a continuous function may not converge, but the corresponding Cesaro sum
(or Cesaro mean, as it is usually called) will always converge to the function.
This beautiful result is called Fejers theorem.

More precisely, Fejer’s theorem states that if f is a continuous function with
period 2π, then the sequence σn of Cesaro means of the sequence sn of partial
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sums of the Fourier series of f converges uniformly to f on [−π, π].
Here, again, we see the power of moving beyond convergence!

10 Abel summation

11 Borel summation

12 Ramanujan summation

13 Regularizing the harmonic series

Consider the harmonic series

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+

1

4
+ . . . (104)

This series diverges. The partial sums are given by

k∑
n=1

1

n
= Hk (105)

where Hk is the kth harmonic number, and

Hk = ln k + γ + εk (106)

where γ is the Euler-Mascheroni constant

γ = lim
k→∞

(Hk − ln k)

=

∫ ∞
1

(
1

bxc
− 1

x

)
dx

(107)

Recall that the Riemann zeta function

ζ(s) =

∞∑
n=1

n−s (108)

has a pole at s = 1, meaning zeta function regularization cannot be used to
sum the series. We can, however, taking the constant term of the meromorphic
continuation (from the Laurent series expansion) to obtain the Euler-Mascheroni
constant γ as the value of the series. This can be seen from

lim
ε→0

ζ(1− ε) + ζ(1 + ε)

2
= γ (109)

This averaging cancels out the simple pole in the Laurent expansion
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ζ(s) =
1

s− 1
+ γ +O(s− 1) (110)

14 Regularity, linearity, and stability
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